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Abstract
This paper is concerned with a class of degenerate diffusion equations subject to mixed boundary
conditions. Under some structure conditions, we discuss the blow-up property of local solutions and
estimate the bounds of “blow-up time.”
 2004 Elsevier Inc. All rights reserved.
Keywords: Degenerate; Diffusion; Blow-up
1. Introduction




= div(|∇u|p−2∇u)+ f (x,u, t), (x, t) ∈QT , (1.1)
u = 0, (x, t) ∈ Γ1 × (0, T ), (1.2)
∂u
∂n
= 0, (x, t) ∈ Γ2 × (0, T ), (1.3)
u(x,0)= u0(x), x ∈ D, (1.4)
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boundary ∂D, Γ1,Γ2 = ∅, and Γ1 ∪ Γ2 = ∂D, n denotes the outer unit normal on the
boundary, u0(x) is smooth enough with u0(x) 0, ≡ 0, f (x,u, t) ∈ C1(D¯ ×R× [0, T ]).
It is well known that Eq. (1.1) is an important degenerate diffusion equation, which
can be used to describe many phenomena in nature such as filtration and dynamics of
biological groups and so on; see, for example, [1–4]. If p = 2, then Eq. (1.1) becomes a
nondegenerate parabolic equations and heat equation is its special case with f = 0. For the
mixed boundary problem of it, Hu and Yin [5] considered the heat equation ut = ∆u in an
unbounded domain Ω ⊂Rn with Dirichlet condition u(x, t) = 0 on partial boundary of Ω
and nonlinear condition ∂u/∂ν = uq on the other part of the boundary, where q > 1, ν is
the outer unit normal on the boundary. It has been shown that the nonnegative solutions
blow up under certain condition depends on the exponent q . Recently, Ding [6] studied the
semilinear reaction diffusion equation
∂u
∂t
= ∆u+ f (x,u, |∇u|2, t) (1.5)
subject to the same boundary and initial value conditions (1.2)–(1.4). By using the Hopf’s
maximum principle, the author obtained the nonexistence theorems of the global solutions
and gave the bound of “blow-up time.”
In this paper we extend the results in [6] to the p-Laplacian equation with sources (1.1).
We also show the local existence of solutions to Eq. (1.1). Moreover, we extend the similar
results to the porous medium equation with nonlinear sources
∂u
∂t
= ∆um + f (x,u, t) (m > 1). (1.6)
Owing to the degeneracy of Eqs. (1.1) and (1.6), the solutions we discuss are generalized
solutions rather than classical solutions as for (1.5). So the methods deal with classical
solutions cannot be used directly. However by regularized methods we can consider the
regularized problem firstly, then obtain the results based on some suitable estimates on
the approximate solutions. It is worth to point out that our results indicate the initial value
u0(x) and the solutions may have compact support, and we even admit u0(x) = 0 only on
some small subset of D.
The present work is organized as follows. In Section 2, the nonexistence of global solu-
tions to the p-Laplacian equation with sources and mixed boundary conditions is obtained,
we also give the bound of “blow-up time”; in Section 3, we show the existence of local
solutions to the same problem; in Section 4, we extend the above results to the porous
medium equation with source.
2. Nonexistence of global solutions
We will show the “blow-up” results on the solutions to the problem (1.1)–(1.4) in this
section. The meaning of “blow-up” is the following






u(x, t) = +∞. (2.1)
Due to the degeneracy of Eq. (1.1), it is necessary to definite generalized solutions of
the problem we considered.
Definition 2.2. A function u ∈ Lp(0, T ;W 1,p(D)) and ∂u/∂t ∈ L2(QT ) is called a gen-







uϕt − |∇u|p−2∇u∇ϕ + fϕ
)
dx dt = 0 (2.2)
for any ϕ ∈C∞(Q¯T ), which vanishes for t = T and (x, t) ∈ Γ1 × (0, T ).
The main result is the following
Theorem 2.1. Let u be a solution of the problem (1.1)–(1.4). Assume that f > 0, ft > 0,
fu  0, and there exist real value numbers α > 1, λ > 0, such that
f (x, s, t) g(s), ft (x, s, t)
f (x, s, t)
 λsα−1 > 0 for s  0, (2.3)
where g(s) ∈ C1(R), g(s) > 0. Assume also that at the point x where u0(x) = 0, there
holds
div
(|∇u0|p−2∇u0)+ f (x,u0,0) 0, (2.4)









where D′ = {x | x ∈ D¯, u0(x) = 0}. Then for any solution u(x, t) of the problem (1.1)–
(1.4), u(x, t) must blow up within finite time T ∗, and
T ∗ 
M1−α0
β(α − 1) , (2.6)
where M0 = maxx∈D¯ u0(x) < +∞.




= div((|∇u|2 + ε)(p−2)/2∇u)+ f (x,u, t), (x, t) ∈QT , (2.7)
u = 0, (x, t) ∈ Γ1 × (0, T ), (2.8)
∂u
∂n
= 0, (x, t) ∈ Γ2 × (0, T ), (2.9)
u(x,0)= u0ε(x), x ∈ D, (2.10)
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‖∇u0‖Lp(D), and u0ε → u0 in W 1,p(D). It is known that the problem (2.7)–(2.10) has
a classical solution uε , by the classical theory for parabolic equations, and uε  0 since
f > 0. We denote by uε the solution of the problem (2.7)–(2.10).
Set
vε = −uεt + βuαε .
A direct calculation shows that vε satisfies the following parabolic equation:
∂vε
∂t
− aε∆vε + bε∇vε + cεvε = gε,
where
aε = (p − 2)
(|∇uε|2 + ε)(p−4)/2|∇uε|2 + (|∇u|2 + ε)(p−2)/2,




(p − 1)|∇uε|2 + ε ,
cε = −
(
fu + (p − 2)αβuα−1ε
|∇uε|2




(p − 1)|∇uε|2 + ε
)
,
gε = −(p − 2)α(α − 1)βuα−2ε
(|∇uε|2 + ε)(p−4)/2|∇uε|4
− α(α − 1)βuα−2ε
(|∇uε|2 + ε)(p−2)/2|∇uε|2
− (p − 2)αβ2u2α−1ε
|∇uε|2
|∇uε|2 + ε − βu
α
ε (f )u
+ (p − 1)αf uα−1ε
(
β − (f )t


















Denote v˜ε = vε − t‖hε‖L∞(QT ′ ), then v˜ε satisfies
∂v˜ε
∂t
− aε∆v˜ε + bε∇v˜ε + cεv˜ε −tcε‖hε‖L∞(QT ′ ). (2.11)
Combining (2.4) with (2.5), we see that on D¯,
v˜ε(x,0)= −div
((|∇u0ε|2 + ε)(p−2)/2∇u0ε)− f (x,u0ε,0)+ βuα0ε  0.
Since uεt = 0 on Γ1 × (0, T ′] and ∂uεt/∂n= 0 on Γ2 × (0, T ′], we get








= 0 on Γ2 × (0, T ′].


















Noticing the boundness of ‖cε‖L∞(QT ′ ) and ‖hε‖L∞(QT ′ ) → 0 as ε → 0, it is easy to see
that the right side of the above inequality is nonpositive. Letting ε → 0, we obtain
v  0 in QT ′ ,
where v = −ut + βuα , thus
ut  βuα, (x, t) ∈ QT ′ . (2.12)
In fact, without loss of generality we let u0(x0) = M0, integrating (2.12) from M0 to


















β(α − 1) < +∞,
then u must blow up within finite time t = T ∗. And









β(α − 1) . 
3. Existence of local solutions
In this section we will establish the existence of local solutions to the problem
(1.1)–(1.4) by using the regularized method. We denote by uε the solution of the regu-
larized problem (2.7)–(2.10). Next we show some estimates on uε .
Lemma 3.1. There exists T ′ ∈ [0, T ] and a constant C depending on T ′, such that
‖uε‖L∞(QT ′ )  C.




w(0) = ∥∥u0(x)∥∥L∞(D). (3.2)
There exists T0 ∈ (0, T ) such that the problem (3.1)–(3.2) has a solution w(t) on [0, T0]
and T0 depends only on ‖u0(x)‖L∞(D); see [7, Chapter 5]. Set φ = uε −w, then φ satisfies
φt − div
(
(∇φ + ε)(p−2)/2∇φ)= f (x,uε, t) − g(w).
From (2.3), we get





θuε + (1 − θ)w
)
dθ




(∇φ + ε)(p−2)/2∇φ)−Cεφ  0,
with the mixed boundary condition φ = uε − w  0 on Γ1 × [0, T0] and ∂φ/∂n = 0 on
Γ2 × [0, T0]. By the Hopf’s maximum principle, φ  0 on QT0 . Hence, there exists T ′ ∈
(0, T0), such that
‖uε‖L∞(QT ′ )  max
(0,T ′)
w(t).
Taking T ′ = T0/2 and C = w(T ′), we obtain
‖uε‖L∞(QT ′ )  C.  (3.3)
Lemma 3.2. uε satisfies the following:∫ ∫
QT ′
|∇uε|p dx dt  C, (3.4)
where C depends on T ′, which is given in Lemma 3.1.


















(|∇uε|2 + ε)(p−2)/2|∇uε|2 dx dt +
∫ ∫
Q
f uε dx dt,T ′ T ′
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QT ′
|∇uε|p dx dt 
∫ ∫
QT ′














f dx dt  C.
The proof is completed. 
Lemma 3.3. There exists a constant C depends on T ′, such that∫ ∫
QT ′
|uεt |2 dx dt  C. (3.5)
Proof. Multiplying (2.7) by uεt and integrating on QT ′ by parts, it follows that∫ ∫
QT ′
|uεt |2 dx dt =
∫ ∫
QT ′
(|∇uε|2 + ε)(p−2)/2∇uε∇uεt dx dt +
∫ ∫
QT ′
f uεt dx dt.
Since
(|∇uε|2 + ε)(p−2)/2∇uε∇uεt = 12 ∂∂t
|∇uε(x,t)|2∫
0
(s + ε)(p−2)/2 ds,
then ∫ ∫
QT ′




























(s + ε)(p−2)/2 ds
)
dx.
By Lemma 3.2 and the Young inequality, we get∫ ∫
QT ′





















|uεt |2 dx dt.
T ′ T ′
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QT ′
|uεt |2 dx dt  C.
The proof is completed. 
Theorem 3.1. There exists T ′ ∈ [0, T ] such that (1.1)–(1.4) has a unique solution u
in QT ′ .
Proof. From Lemmas 3.1–3.3, we see that there is a subsequence of {uε} (without loss of
generality, we denote it by {uε}) and a function u in QT ′ such that







We also get∫ ∫
QT ′
ε(p−2)/2|∇uε|2 dx dt  C, (3.6)
∫ ∫
QT ′
(|∇uε|2 + ε)(p−2)/2|∇uε|2 dx dt C. (3.7)







and (3.6), (3.7), it follows that∫ ∫
QT ′





















This implies that there exists ωi ∈ Lp/(p−1)(QT ′), i = 1, . . . , n, such that(|∇uε|2 + ε)(p−2)/2 ∂uε ⇀ ωi in Lp/(p−1)(QT ′).
∂xi





(uϕt −ω∇ϕ + f ϕ) dx dt = 0, (3.8)
where ϕ ∈ C∞(Q¯T ′), which vanishes for t = T ′, (x, t) ∈ Γ1 × (0, T ′), ω = (ω1, . . . ,ωn).
Now, for any ϕ given as before, we show∫ ∫
QT ′
|∇u|p−2∇u∇ϕ dx dt =
∫ ∫
QT ′
ω∇ϕ dx dt. (3.9)
Noticing the fact that for the vector function F(X) = |X|p−2X,
F ′(X) = |X|p−2I + (p − 2)|X|p−4XX
is a nonnegative matrix, therefore,(
F(X)− F(Y )) · (X − Y ) 0.
Then ∀v ∈ Lp(0, T ′;W 1,p(D)), η ∈ C∞(QT ′), 0  η  1, where η vanishes for t = T ′
and Γ1 × (0, T ′),∫ ∫
QT ′
η
















ε dx dt +
∫ ∫
QT ′





(|∇uε|2 + ε)(p−2)/2∇uε∇η dx dt,
and for p  2,(|∇uε|2 + ε)(p−2)/2|∇uε|2  |∇uε|p,
















η|∇uε|p−2∇uε∇v dx dt +
∫ ∫
QT ′





(|∇uε|2 + ε)(p−2)/2∇uε∇η dx dtT ′
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∫ ∫
QT ′
η|∇v|p−2∇v · ∇(uε − v) dx dt  0. (3.11)
Since
(|∇uε + ε|)(p−2)/2∇uε = |∇uε|p−2∇uε + (p − 2)ε2 ∇uε
1∫
0










(|∇uε|2 + εs)(p−4)/2 ds∇uε∇ηuε dx dt = 0,

























η|∇v|p−2∇v · ∇(u− v) dx dt  0. (3.12)























ω − |∇v|p−2∇v)∇(u− v) dx dt  0. (3.13)




ω − ∣∣∇(u− σϕ)∣∣p−2∇(u− σϕ))∇ϕ dx dt  0,
where ϕ ∈ C∞(Q¯T ′), which vanishes for t = T ′ and (x, t) ∈ Γ1 × (0, T ′). Then, letting




ω − |∇u|p−2∇u)∇ϕ dx dt  0.T ′
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choosing suitable η, s.t. suppϕ ⊂ suppη and η = 1 on suppϕ. This implies that u is the
solution for (1.1)–(1.4) on QT ′ .
Next we prove the uniqueness of the solution. Definition 2.2 yields the following
Proposition 3.1. If u(x, t) is the solution of the problem (1.1)–(1.4), then ∀τ ∈ (0, T ′], we
have ∫
Ω










f ϕ dx dt +
∫ ∫
Qτ
|∇u|p−2∇u∇ϕ dx dt = 0, (3.14)
where ϕ is the test function in Definition 2.2.
Let u1, u2 be two solutions of the problem (1.1)–(1.4). According to Proposition 3.1, it
follows that∫ ∫
Qτ
(|∇u1|p−2∇u1 − |∇u2|p−2∇u2)∇ϕ dx dt −
∫ ∫
Qτ




(u1 − u2)ϕt dx dt +
∫
D
(u1 − u2)(x, τ )ϕ(x, τ ) dx = 0,
where fi = f (x,ui, t), i = 1,2, ϕ is the test function which is given in Definition 2.2.
Setting ϕ = u1 − u2, we see that∫ ∫
Qτ




(f1 − f2)(u1 − u2) dx dt +
∫
D




(u1 − u2)(u1 − u2)t dx dt = 0. (3.15)
Using (3.10), we get∫ ∫
Qτ





(u1 − u2)2(x, τ ) dx 
∫ ∫
(f1 − f2)(u1 − u2) dx dt  C
∫ ∫
(u1 − u2)2 dx dt.D Qτ Qτ
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u1(x, t) = u2(x, t), ∀(x, t) ∈ QT ′ ,
by the arbitrary of τ . The proof is completed. 
Remark 3.1. Above results are valid if Γ1 or Γ2 is empty in (1.2), (1.3).
4. Extensions
By the same method, we can obtain the same results for the problem of the porous
equation with source term and mixed boundary conditions
∂u
∂t
= ∆um + f (x,u, t), (x, t) ∈QT , (4.1)
u = 0, (x, t) ∈ Γ1 × (0, T ), (4.2)
∂u
∂n
= 0, (x, t) ∈ Γ2 × (0, T ), (4.3)
u(x,0)= u0(x), x ∈ D, (4.4)
where m 1, D, Γ1, Γ2, T , QT , n, u0(x), f are given as before.
For the problem (4.1)–(4.4), it follows the results similar to the problem (1.1)–(1.4).
First we need to definite the generalized solution like that in Section 2.
Definition 4.1. A bounded function u is said to the generalized solution of the problem





(uϕt − ∇um∇ϕ + fϕ) dx dt = 0 (4.5)
for any test function ϕ ∈ C∞(Q¯T ), which vanishes for t = T and (x, t) ∈ Γ1 × (0, T ).
Theorem 4.1. Assume that f > 0, fu > 0, ft > 0, and there exist real numbers α >m,
λ > 0, such that
f (x, s, t) g(s), ft (x, s, t)
f (x, s, t)
 λsα−m > 0 for s  0,
where g(s) ∈ C1(R), g(s) > 0. Assume also that at the point x where u0(x) = 0,
∆um0 + f (x,u0,0) 0, (4.6)
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where M0 = maxx∈D¯ u0(x) < +∞.
Proof. We consider the corresponding regularized problem firstly
∂u
∂t
= ∇(m(u2 + ε)(m−1)/2∇u)+ f (x,u, t), (x, t) ∈ QT , (4.9)
u = 0, (x, t) ∈ Γ1 × (0, T ), (4.10)
∂u
∂n
= 0, (x, t) ∈ Γ2 × (0, T ), (4.11)
u(x,0)= u0ε(x), x ∈D, (4.12)
where 0 < ε < 1, u0ε(x) ∈ C∞(D¯), such that ‖u0ε‖L∞(D)  ‖u0‖L∞(D), ‖∇u0ε‖Lp(D) 
‖∇u0‖Lp(D), and u0ε → u0 in Hp(D). It is known that there exists a classical solution uε
of the above problem, and uε  0 since f > 0. We denote by u the solution of the problem






uεt + βuαε .






= −m(m− 1)(u2ε + ε)(m−1)/2uε(uεt )2 − βfuuαε
− αβm(α − 1)(u2ε + ε)(m−1)/2uα−2ε (∇uε)2














∆vε − fuvε  0,
with initial value condition
vε(x,0)= −mum−10ε
[∇(m(u20ε + ε)(m−1)/2∇u0ε)+ f (x,u0ε,0)]+ βuα0ε,
and boundary condition
vε = 0, (x, t) ∈ Γ1 × (0, T ′],
∂vε = 0, (x, t) ∈ Γ2 × (0, T ′].
∂n


































β(α −m) < +∞,
then it has been shown that the solutions of the problem (4.1)–(4.4) must blow up within




The proof is completed. 
Based on the following lemma, we can establish the existence of local solutions to the
problem (4.1)–(4.4).
Lemma 4.1. There exists T ′ ∈ (0, T ) and a constant C depends on T ′, such that
‖uε‖L∞(QT ′ )  C, (4.15)∫ ∫
QT ′
∣∣∇umε ∣∣2 dx dt  C, (4.16)
∫ ∫
QT ′
∣∣(umε )t ∣∣2 dx dt C. (4.17)
Theorem 4.2. There exists T ′ ∈ (0, T ) such that the problem (4.1)–(4.4) has a solution
u(x, t) on QT ′ .
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